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The phase field model is adopted to study the magnetoelectric coupling effects in vertical
heteroepitaxial nanocomposite thin films. Both the lateral epitaxial strains between the film and the
substrate and the vertical epitaxial strains between the ferroelectric and ferromagnetic phases are
accounted for in the model devised. The effects of the film thickness on the magnetic-field-induced
electric polarization (MIEP) are investigated. The results obtained show that the MIEP is strongly
dependent on the film thickness, as well as on the vertical and lateral epitaxial strains. VC 2011
American Institute of Physics. [doi:10.1063/1.3583599]
I. INTRODUCTION
Multiferroic materials1–3 that combine two or more of
the ferroic properties ferroelectricity, ferromagnetism, and
ferroelasticity have attracted considerable interest for their
potential applications as multifunctional devices.4–6 Magne-
toelectric (ME) coupling effects, i.e., the variation of the
polarization induced by an applied magnetic field or of the
magnetization induced by an applied electric field, can be
realized in multiferroics with the coexistence of ferroelec-
tricity and ferromagnetism. Weak ME effects at low temper-
atures have been observed in some single-phase materials,7,8
and this limits their practical applications considerably.
Comparatively, composite multiferroics9,10 can produce
much larger ME coupling effects due to the incorporation of
magnetostrictive and electrostrictive effects. Although large
ME coupling effects have been observed in bulk bilayer mul-
tiferroics, the ME coupling effects that exist in artificially
assembled bilayer epitaxial nanocomposite thin films are
weak due to the clamping effects from the substrate.11 How-
ever, the reported enhancement of elastic coupling resulting
from the larger interfacial area between the two phases in a
vertical heteroepitaxial nanocomposite thin film with ferro-
magnetic (FM) nanopillars embedded in a ferroelectric (FE)
matrix,12 in which the clamping effect from the substrate is
reduced, has triggered great enthusiasm for the study of ME
effects in such nanocomposite thin films. Compared with
bulk composite multiferroics, nanocomposite thin films pos-
sess more degrees of freedom in tuning the ME coupling
effects due to their three-dimensional epitaxial properties.
Some theoretical works have been carried out in order to
study the ME coupling effects in such multiferroics; for
example, the magnetic-field-induced electric polarization
(MIEP) was studied13 using the Green’s function technique,
and the influence of the elastic stresses induced by the FE–
FM and film–substrate interfaces on the ME coupling was
investigated using the time-dependent Ginzburg–Landau
equation.14 Because the stress states were only approxi-
mately determined in those works, they are unable to provide
a good understanding of the behavior of complex nanostruc-
tures. The phase field approach is a promising method for
the study of ME coupling effects, as not only the ferroelec-
tric and ferromagnetic domain states can be determined dur-
ing the evolution process but also the long-range elastic
interactions in a multiferroic. However, in the phase field
study carried out by Zhang et al.,15 only the lateral epitaxial
misfit strains were accounted for, not the corresponding ver-
tical strains, which have been observed experimentally as the
domineering strains in films of relatively large thicknesses
(say, more than 20 nm).16 As the large lattice mismatch
between the FE and FM phases cannot be fully relaxed by
the embedded pillars with small diameters in the nanocom-
posite film, significant vertical epitaxial strains would exist
and would affect the ME coupling in the film. Therefore,
both the lateral and vertical epitaxial misfit strains should be
taken into account in phase field modeling.
In the present study, a three-dimensional (3D) phase
field model is devised in which both the lateral and vertical
epitaxial misfit strains are included in the strain state. The
effects of the thickness on the magnetic-field-induced elec-
tric polarization will be investigated.
II. PHASE FIELD MODELING
In the present study, BaTiO3–CoFe2O4 vertical heteroepi-
taxial nanostructure multiferroic thin films are investigated; a
schematic diagram of these films is depicted in Fig. 1(a). Note
FIG. 1. (a) 3D schematic illustration of a vertical heteroepitaxial nanocom-
posite film in which CoFe2O4 nanopillars are embedded in a BaTiO3 matrix.
(b) Cross-section of the simulation system along the x1 x3 plane.
a)Author to whom correspondence should be addressed. Electronic mail:
aksoh@hkucc.hku.hk. FAX: þ852-58585415.
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that a circular nanopillar was selected for the investigation in
view of the experimental work carried out by Zheng et al.,12
in which the multiferroic composite fabricated was composed
of nearly circular CoFe2O4 nanopillars embedded in a BaTiO3
matrix. Three field parameters are introduced to characterize
the total free energy of the nanocomposite system: a local
polarization field P¼ (P1, P2, P3); a local magnetization field
M¼Ms m¼Ms (m1, m2, m3), whereMs andm denote the sat-
uration magnetization and the unit magnetization vector,
respectively; and an order parameter g, which describes the
spatial distribution of the FE and FM phases in the nanocom-
posite film, where g¼ 1 and 0 represent the FM and FE
phases, respectively. The total free energy of the system is
given by
F ¼
ð
V
1 gð Þfp þ gfm þ felas
 
dV; (1)
where fp represents the free energy in the FE phase, includ-
ing the ferroelectric bulk free energy, ferroelectric domain
wall energy, and electrostatic energy, which can be
expressed as
fp ¼ a1 P21 þ P22 þ P23
 þ a11 P41 þ P42 þ P43 þ a12 P21P22 þ P22P23 þ P23P21 
þ a111 P61 þ P62 þ P63
 þ a112 P41 P22 þ P23 þ P42 P21 þ P23 þ P43 P21 þ P22  
þ a123 P21 þ P22 þ P23
 þ a1111 P81 þ P82 þ P83 þ a1122 P41P42 þ P42P43 þ P43P41 
þ a1112 P61 P22 þ P23
 þ P62 P21 þ P23 þ P63 P21 þ P22  
þ a1123 P41P22P23 þ P42P23P21 þ P43P21P22
 þ 1
2
G11 P
2
1;1 þ P22;2 þ P23;3
 
þ G12 P1;1P2;2 þ P2;2P3;3 þ P3;3P1;1
 þ 1
2
G44 P1;2 þ P2;1
 2þ P2;3 þ P3;2 2þ P1;3 þ P3;1 2
h i
þ 1
2
G044 P1;2  P2;1
 2þ P2;3  P3;2 2þ P1;3  P3;1 2
h i
 Edip  P;
(2)
where a1, a11, a12, a111, a112, a123, a1111, a1122, a1112, and a1123
are the phenomenological Landau expansion coefficients; G11,
G12, G44, and G44
0 are the gradient energy coefficients; and Edip
is the electric field generated by the long-range dipole–dipole
interaction that can be established in Fourier space. The com-
mas in the subscripts denote spatial differentiation.
The ferromagnetic energy term fm, which includes the
magnetocrystalline anisotropy energy, magnetic exchange
energy, magnetostatic energy, and external magnetic field
energy, can be expressed as
fm ¼K1 m21m22 þ m21m23 þ m22m23
 þ K2m21m22m23
þ A m21;1 þ m21;2 þ m21;3 þ m22;1 þ m22;2 þ m22;3 þ m23;1

þm23;2 þ m23;3

 1
2
l0MsHd m l0MsHex m;
(3)
where K1 and K2 are the anisotropy constants, and A, l0, Ms,
Hd, and Hex denote the exchange stiffness constant, perme-
ability of vacuum, saturation magnetization, demagnetiza-
tion field, and exterior magnetic field, respectively.
The elastic energy felas can be expressed as
felas ¼ 1
2
cijkleif ekl ¼ 1
2
cijkl

eij  e0ijÞ ekl  e0kl
 
; (4)
where cijkl, eij, eij, and eij
0 represent the elastic stiffness tensor, elas-
tic strain, total strain, and stress-free strain, respectively. With ref-
erence to Fig. 1(b), the elastic energy in the heterogeneous film/
substrate bilayer system is calculated by reducing the system to an
elastic homogeneous system with an appropriately chosen effec-
tive stress-free strain eij
0.17 Thus, the effective stress-free strain in
this nanocomposite film is the sum of the strain eij
* related to the
electrostrictive/magnetostrictive effect, the epitaxial misfit strain
eij
epitax, and the virtual stress-free strain eij
virtual, that is,
e0ij ¼ eij þ eepitaxij þ evirtualij : (5)
The electrostrictive/magnetostrictive related stress-free strain
is given by
eij ¼
g
3
2
k100 mimj  1
3
 	
 
þ 1 gð Þ QijklPkPl
 
i ¼ jð Þ
g
3
2
k111mimj
 	
þ 1 gð ÞQijklPkPl i 6¼ jð Þ;
8><
>:
(6)
where Qijkl is the electrostrictive coefficient; i, j, k, l¼ 1, 2,
3; and k100 and k111 are the magnetostrictive constants.
The epitaxial misfit strain eij
epitax, which arises from the
lateral lattice mismatch between the film and the substrate
and the vertical lattice mismatch between the FE and FM
phases, can be expressed as
eepitaxij
et11 0 0
0 et22 0
0 0 et33
2
4
3
5; (7)
in which the in-plane epitaxial misfit strains e11
t
¼ e22t¼ (1 g)e11p þ ge11m are described as a function of the
film thickness18 as follows:
ep11 ¼ ep22 ¼ 1
1 ep011
 
1 ep011 1 hpc=hð Þ
; (8a)
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em11 ¼ em22 ¼ 1
1 em011
 
1 em011 1 hmc =h
  ; (8b)
where h is the film thickness; hc
p and hc
m are the critical thick-
ness for the formation of dislocation in the FE and FM phases,
respectively;19 and e11
p0 and e11
m0 are the corresponding pseudo-
morphic in-plane misfit strains, defined as follows:
ep011 ¼ ep022 ¼ ap  as
 
=ap; (9a)
em011 ¼ em022 ¼ am  asð Þ=am; (9b)
where ap and am are the in-plane parameters of the FE
and FM phases, respectively, and as is the lattice parameter
of the cubic substrate. The vertical epitaxial misfit strain
is expressed as e33
t ¼ (1 g)e33p þ ge33m, where e33p¼ e33m
¼ 0.8% is adopted.12,13 The virtual stress-free strain eijvirtual
should be distributed only inside the vacuum region, and the
equilibrium strain produces vanishing stress in the vacuum
region, which automatically satisfies the free surface bound-
ary conditions.
The dynamic evolution of the virtual stress-free strain
and the polarization are described by the time-dependent
Ginzburg–Landau equations
@evirtualij r; tð Þ
@t
¼ K dF
devirtualij r; tð Þ
; (10)
@Pi r; tð Þ
@t
¼ L dF
dPi r; tð Þ ; (11)
where K and L are kinetic coefficients.
The dynamic evolution of the magnetization is obtained
by solving the Landau–Lifshitz–Gilbert equation using the
Gauss–Seidel projection method:20,21
1þ a2  @M
@t
¼ c0MHeff 
c0a
Ms
M MHeffð Þ;
(12)
where c0 is the gyromagnetic ratio, a is the damping con-
stant, and Heff ¼ ð1=l0Þð@F=@MÞ is the effective mag-
netic field.
III. SIMULATION PARAMETERS AND MATERIAL
PROPERTIES
The three-dimensional simulation system is composed
of 64 64Nz discrete grids, where Nz grids encompass the
vacuum layer, multiferroic nanocomposite thin film, and
substrate. With reference to Fig. 1(b), the top 6 layers are
assumed to be the vacuum region, the bottom 40 layers are
assumed to be the substrate, and the layers in between simu-
late the multiferroic nanocomposite thin film. The periodic
boundary conditions are applied along the x1 and x2 axes.
The cell size in real space is chosen to be l0¼ 1 nm. The
coefficients used in the simulation are listed below.15
For BaTiO3,
a1 ¼ 4:124 T  115ð Þ  105C2m2N; a11
¼ 2:097 188C4m6N;
a12 ¼ 7:974 188C4m6N; a111 ¼ 1:294 109C6m10N;
a112 ¼ 1:950 109C6m10N; a123
¼ 2:500 109C6m10N;
a1111 ¼ 3:863 1010C8m14N; a1112
¼ 2:529 1010C8m14N;
a1122 ¼ 1:637 1010C8m14N; a1123
¼ 1:367 1010C8m14N;
Q11 ¼ 0:10C2m4;Q12 ¼ 0:034C2m4;Q44
¼ 0:029C2m4; T ¼ 25C;
c11 ¼ 1:78 1011Nm2; c12 ¼ 0:96 1011Nm2;
c44 ¼ 1:22 1011Nm2:
For CoFe2O4,
Ms ¼ 4 105 A=m; k100 ¼ 590 106; k111
¼ 120 106;K1 ¼ 3 105J=m3;K2 ¼ 0 J=m3;
A ¼ 7 1012 J=m:
The in-plane lattice parameters for BaTiO3 and CoFe2O4 are
ap¼ 0.399 nm and am¼ 0.419 nm, and the cubic parameters
for the substrates SrTiO3 and DyScO3 are as (SrTiO3)
¼ 0.3905 nm and as (DyScO3)¼ 0.3943 nm.12,22 The critical
thickness for the formation of dislocation is on the order of
several nanometers. The values hc
p¼ hcm¼ 4 nm are adopted
in the present study. The volume fraction of CoFe2O4 is set
as 35%. For simplicity, elastic homogeneity is assumed in
the material whose elastic constants are taken as those of
BaTiO3. Considering the case where there is an in-plane
compressive stress field in the ferroelectric phase, the initial
polarization is set to be along the x3 direction. Upon switch-
ing the direction of the applied magnetic field from the x1 to
the x3 axis, the MIEP is given by D P3¼ P3 (H//x1) P3 (H//x3),
where P3 is the average polarization of the nanocomposite film.
IV. RESULTS AND DISCUSSION
Figure 2 presents the variation of the MIEP with respect
to the thickness of a nanocomposite film. In a multiferroic
composite, the ME coupling is essentially due to the stress-
mediated interaction between the ferromagnetic and ferro-
electric phases. In the present study, the magnetostrictive
properties of the nanocomposite significantly affect the
MIEP. By rotating the applied magnetic field from the x1 to
the x3 direction, the CoFe2O4 nanopillars with a negative
magnetostrictive constant k100 tend to contract in the x3
direction and extend along the x1 axis. Consequently, the
neighboring BaTiO3 phase is subject to both lateral and ver-
tical contraction. Through the electrostrictive effects, the
out-of-plane contraction reduces the polarization P3 while
the in-plane contraction enhances P3. Thus, the MIEP is
attributed to the result of the competition between the lateral
and vertical elastic interactions. In the present case, the verti-
cal elastic interaction is more significant, which leads to the
decrease of the out-of-plane polarization of the film. With
increasing film thickness, the influences from the vertical
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elastic interaction would become more and more dominant.
As a result, the magnitude of the MIEP increases with
increasing film thickness. Moreover, in order to study the
influence of the lateral interfacial strains, two substrates (i.e.,
SiTiO3 and DyScO3) are considered. With reference to Fig. 2,
the MIEP is enhanced in the case of DyScO3 due to the
smaller lattice mismatch between the nanocomposite thin
film and the substrate. Thus, one could infer that comparable
lattice parameters of the substrate and the film are desirable
in order to produce large magnetoelectric coupling effects.
Figure 3 presents the contours of the vertical stress r33
with respect to the thickness of the film deposited on the
SrTiO3 substrate. It can be seen clearly from Fig. 3(a) that
when the film thickness is small, the vertical stress is greatly
influenced by the substrate and the free surface, which causes
rapid variation of vertical stresses in the direction of the
thickness. With reference to Figs. 3(b)–3(d), the influence of
the vertical epitaxial strains on the vertical stress state is
increased with increasing film thickness, which leads to a
more homogeneously distributed vertical stress state along
the direction of the thickness. Thus, it can be inferred that
when the film is sufficiently thick, the influence of the sub-
strate becomes negligible, and the vertical strains play an im-
portant role in manipulating the ME coupling effects.
Consequently, the influence of the vertical strains on ME
coupling effects cannot be neglected in the nanocomposite
films in which large vertical strains would exist.
Recently, some experimental results23 have illustrated
that the vertical strain state could be controlled by tuning ei-
ther the deposition frequency or the film composition.
Thus, a coherent coefficient f is defined to describe the
tunable vertical epitaxial strain, which is expressed as
e33
t¼ f[(1 g)e33p þ ge33m ]. Note that f¼ 1 stands for full co-
herence between the FE and FM phases, and f¼ 0 denotes
full relaxation of the lattice mismatch between the two
phases. Figure 4 presents the relation between the MIEP and
the coherent coefficient, which clearly shows that the MIEP
can be enhanced by relaxing the vertical lattice mismatch.
However, the small diameter of the nanopillars in the vertical
heteroepitaxial nanocomposite thin film leads to little relaxa-
tion of the vertical strains in the film, which would greatly
suppress the ME coupling effects. This may provide some
clue as to why only weak ME coupling was observed in
nanocomposite multiferroic films. It is worth noting that for
thin films, the top and bottom electrodes should have some
effect on the distribution of strains. However, for relatively
thicker films, the influences from the electrodes as well as
the substrate are not dominant, as demonstrated above.
In summary, the ME coupling effects in vertical heteroe-
pitaxial nanocomposite thin films have been studied using
the phase field method. It has been found that a better under-
standing of the ME coupling effects in such thin films can be
achieved by incorporating the epitaxial strains in all three
directions and the free surface and substrate effects. The
MIEP is found to be strongly dependent on film thickness, as
well as on vertical and lateral epitaxial strains.
FIG. 3. (Color online) Variations of the vertical stress r33 with the thickness
of a film deposited on a SrTiO3 substrate: (a) 16 nm, (b) 32 nm, (c) 48 nm,
and (d) 64 nm.
FIG. 4. Plot of the magnetic-field-induced electric polarization vs the coher-
ent coefficient for the case of a film deposited on a SrTiO3 substrate.
FIG. 2. The dependence of the magnetic-field-induced electric polarization
on the film thickness.
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